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Abstract. Flow of Newtonian fluids in porous media is often modelled using a generalized version of the full
non-linear Navier-Stokes equations that include additional terms describing the resistance to flow due to
the porous matrix. Because this formulation is becoming increasingly popular in numerical models, exact
solutions are required as a benchmark of numerical codes. The contribution of this study is to provide a
number of non-trivial exact solutions of the generalized form of the Navier-Stokes equations for parallel
flow in porous media. Steady-state solutions are derived in the case of flows in a medium with constant
permeability along the main direction of flow and a constant cross-stream velocity in the case of both
linear and non-linear drag. Solutions are also presented for cases in which the permeability changes in the
direction normal to the main flow. An unsteady solution for a flow with velocity driven by a time-periodic
pressure gradient is also derived. These solutions form a basis for validating computational models across
a wide range of Reynolds and Darcy numbers.

1 Introduction

The study of fluid flow in porous media attracts attention because of its occurrence in many natural systems and the
large number of applications in engineering and the physical sciences, such as groundwater movement [1, 2] and heat
and mass transfer in composite media [3].

The most commonly used model for momentum transfer in flows of Newtonian fluids in porous media is the Darcy
equation, which states that the velocity of the fluid is proportional to the head gradient [1]. When combined with the
continuity equation, exact solutions of mathematical models for flow in porous media using Darcy’s law are available
for many practical applications. In studies of groundwater flow, for example, analytical solutions of steady flow results
in a linear Laplace equation [2]. For unsteady flow, solutions in unconfined aquifers are often obtained by employing
the Dupuit approximation [1], which neglects streamline curvature; in this case, the equations can be written in a form
equivalent to the shallow water equations for open channel flow, and continuity and momentum can be combined,
leading to a non-linear diffusion equation. This non-linear equation is often referred to as the Boussinesq equation [2].
Solutions of the linearized Boussinesq equation are available in the literature in groundwater hydrology [2, 4, 5], with
some solutions of the non-linear Boussinesq equation also available (see, e.g. [6–8] and references therein).

Several variations of Darcy’s law have been developed to account for a range of different phenomena arising in
various problems. These led to the development of alternative momentum equations with various degrees of com-
plexity [3, 9]. The so-called Forchheimer’s equation, for example, introduces an additional inertial drag term in the
momentum equation proportional to the square of the velocity, while the equation commonly known as Brinkman
equation accounts for the resistance to the flow as in Darcy’s and includes a term associated with the viscosity of the
fluid [10].

Because the Brinkman equation reduces to the Navier-Stokes momentum equation when the permeability tends
to infinity and the porosity of the medium equals one, this model has been largely applied to flows adjacent to
porous media [11,12]. Interestingly, use of the Navier-Stokes equations with additional terms related to the resistance
that porous media exert on the flow is becoming more common in the literature as use of the Smoothed Particle
Hydrodynamics (SPH) technique is increasingly being applied to porous media problems [13–15]. SPH is a meshless
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Lagrangian numerical method often employed for the solution of the Navier-Stokes equations [16], in which the non-
linear terms in the equations are simply handled by the advection of the computational nodes (i.e., the SPH particles).
Therefore, the method automatically includes the non-linear terms in the equations. In the context of SPH modelling,
various existing numerical schemes often adopt ad hoc approximations to represent different terms in the equations that
are being solved. Solutions are often compared to data from experiments, because analytical solutions of the Navier-
Stokes equations are limited to only a few cases [17–19]. Exact solutions of the Navier-Stokes equations generalized
to describe flow in porous media using the Brinkman equation are even less common and mainly belong to the
mathematical literature [9, 20,21].

The aim of this study is to derive and present a number of solutions of the Navier-Stokes equations applied to
porous media flow that can be used as a benchmark for numerical simulations. The solutions presented here all refer
to two-dimensional problems with parallel flow for cases with both constant and spatially variable permeability along
the main flow direction, including steady and unsteady solutions.

2 Governing equations

The focus is on two-dimensional problems; accordingly, the Navier-Stokes equations in Cartesian coordinates for an
incompressible fluid flowing in a porous medium can be written as [15]

∂u
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+

∂v

∂y
= 0, (1)
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where eq. (1) is the continuity equation and eqs. (2) and (3) are the momentum equations along the two directions
x and y. In eqs. (1)–(3), D(·)/Dt indicates the material derivative, t being time, u and v are the components of the
Darcy velocity, u, along the directions x and y, p is pressure, ρ and μ are the fluid density and dynamic viscosity, gx

and gy are the components of the gravity vector, g, along x and y, and ǫ is porosity. The components of the velocity of
the fluid can be calculated as uf = u/ǫ and vf = v/ǫ. Although Brinkman suggested that the viscosity in the diffusive
term (i.e., μ∇2

u) of the equations might be different from the actual viscosity of the fluid [10], this difference will
not be taken into account here, because it does not appear to have an appreciable effect in numerical models used to
reproduce experimental results [11, 22, 23]. The last terms in eqs. (2) and (3), Rx and Ry, describe the resistance to
the flow due to the porous medium provided the coordinate axes are aligned with the principal directions, such that
the permeability tensor is diagonal. These drag terms depend on the porous medium properties and the velocity of
the fluid, and they can be expressed in general as [3, 15]

Rx =
μǫ

ρκx
u +

ǫρcF

μ
√

κx
u|u|

Ry =
μǫ

ρκy
v +

ǫρcF

μ
√

κy
v|v|, (4)

where κx and κy are the permeability of the medium along the directions x and y, and cF is the Forchheimer
coefficient. The linear term is dominant for flows with low pore-scale Reynolds numbers, while the quadratic term
becomes important as the pore-scale Reynolds number increases [3, 24]. When ǫ = 1 and both κx and κy tend to
infinity, eqs. (1)–(3) become the classical form of the Navier-Stokes equations for laminar flow of Newtonian fluids.

3 Exact solutions

In the remainder of the paper some exact solutions of eqs. (1)–(3) are derived and presented for cases in which the
flow occurs with straight and parallel streamlines, although these do not need to be aligned with the coordinate axes.
These solutions are all for the case of porous media where the porosity ǫ does not change in either time or space.
When considering media with varying porosity, the velocities in different media are affected, thereby introducing
complications in the definition of the conditions at the interfaces where ǫ changes [11,12,25]. The proper definition of
these conditions is still matter of debate and will not be addressed here.

The solutions derived here refer to either steady-state flow conditions or flows driven by a time-periodic external
forcing. All cases assume that the permeability does not vary in the x-direction, and both κx and κy are function of
y only.
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Fig. 1. Geometry of parallel flow between permeable boundaries.

3.1 Constant permeability κx and linear drag

A flow bounded between plane parallel (permeable) boundaries is considered (fig. 1). It is assumed that the flow is in
steady state and that boundaries are aligned in the x-direction; thus, the y-direction is perpendicular to the boundaries
that are positioned at y = 0 and y = h. If the flow in the x-direction is driven by gravity and a constant pressure
gradient in x (i.e., ∂xp = −ΔP ), the velocity will be homogeneous in x and u = u(y). The drag is assumed to be
linear in u, such that cF = 0 in eq. (4).

Assuming that the fluid at the boundaries can have an externally imposed (constant) velocity at y = 0 and y = h,
the boundary conditions for the problem are

u(0) = U0 and v(0) = V,

u(h) = U1 and v(h) = V, (5)

where U0 and U1 are the constant velocities of the fluid at the two boundaries. Because the boundaries are assumed
to be permeable, fluid can be injected through one boundary with a y–velocity of V . Given that u = u(y), according
to eq. (1) ∂xu = −∂yv = 0; therefore, v remains constant across the medium, i.e., v = V everywhere, including at
y = h. The system of eqs. (1)–(3) thus becomes

d2u

dy2
− ρV

μ

du

dy
− ǫ

κx
u = − ǫ

μ
(ΔP + ρgx), (6)

∂p

∂y
= ρgy − μ

κy
V. (7)

Equation (7) results in a pressure profile that changes along y. Accounting for all the assumptions made, p can be
written as [20]

p = −ΔPx + ρgyy − ρ

ǫ

∫

y

Ry(ζ)dζ + f(t)

= −ΔPx + ρgyy − V μ

∫

y

dζ

κy(ζ)
+ f(t), (8)

where ζ is a dummy variable of integration and f(t) is a generic function of time. Equation (7) is independent of
eq. (6), which is thus the equation that remains to be solved. Because gy and κy do not affect the dynamics of u, and
in the cases analyzed the gradient of pressure along x will be assumed constant, p will have in all cases presented here
a form similar to eq. (8). In the remaining of the paper, the focus will be on the velocity profile u(y) and, therefore,
the expression of p in the following cases will not be explicitly given.
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Fig. 2. Examples of velocity profiles for different values of Da as a function of ỹ = y/h for a straight parallel flow (eq. (9)), with
(a) U1 = Fe/2 and (b) U1 = 1.5 Fe, Fe being κx(P + ρgx)/μ (Fe = Feh = h2(P + ρgx)/μ in the absence of a porous medium,
when κx → ∞ and ǫ = 1). Other parameters are Re = 10 and U0 = 0.

A general solution of eq. (6) for the boundary conditions in eq. (5) can be found as (appendix A)

u(y) = Fe

[

1 +

(

U0

Fe
− 1

)

eRe ỹ/2 sinh(
√

α(1 − ỹ))

sinh(
√

α)
+

(

U1

Fe
− 1

)

e−Re(1−ỹ)/2 sinh(
√

αỹ)

sinh(
√

α)

]

, (9)

where Fe = κx(ΔP +ρgx)/μ, ỹ = y/h, α = Re2/4+Da, with Re = ρV h/μ and Da = h2ǫ/κx being forms of Reynolds
and Darcy numbers. Note that Re can be positive or negative depending on the sign of V [17]. Moreover, the Darcy
number is here written differently from its more common definition (i.e., κx/h2) to simplify the expressions of the
solutions that are later presented.

The solution in eq. (9) can be compared to the velocity profile in the absence of porous media. Assuming ǫ = 1 and
κx → ∞ (i.e., Da → 0), the term −ǫu/κ in eq. (6) disappears, and the velocity profile for the Navier-Stokes equations
without a porous medium becomes

u =
Feh

Re
ỹ + U0

eRe ỹ − eRe

1 − eRe
+

(

U1 −
Feh

Re

)

1 − eRe ỹ

1 − eRe
, (10)

where Feh = h2(ΔP + ρgx)/μ; eq. (10) coincides with the solution derived in [17] when U0 = 0.
Examples of velocity profiles for a given Re and different values of Da are shown in fig. 2 in the case of U1 = Fe/2

(fig. 2(a)) and U1 = 1.5Fe (fig. 2b). Because ỹ lies between 0 and 1, the terms with the hyperbolic sines both tend
to decrease as Da increases (i.e., when the permeability decreases for given ǫ and h); the profiles thus become flatter
with ũ being equal to 1 for most of the profile, with higher shear required over increasingly thin boundary layers in
order to match the boundary conditions. As shown in fig. 2, the velocities U0 and U1 only affect the flow in a small
region near the boundaries when Da = 5000; large values of Da are common for example in soils, where ǫ ∼ 0.3–0.4,
h can range from some meters to few hundreds of meters, and κx is of the order of 10−8 m2 even for conductive sands.
As Da decreases, the effect of velocity V (i.e., Re), which defines the linearized convective term in eq. (6), becomes
more prominent and the maximum value of the velocity moves towards the upper boundary.

3.1.1 Poiseuille flow

A particular case of interest occurs when the flow is horizontal (i.e., gx = 0) and the boundaries are impermeable (i.e.,
V = 0); solutions of this particular case were provided in [20] in 3 dimensions and [9] for zero velocity at the boundaries.
We re-call the solution here, giving a physical interpretation in terms of the number Da. When U0 = U1 = 0, the case
is similar to a Poiseuille flow between two solid boundaries that do not move, and the velocity profile from eq. (9)
reads

u =
ΔPκx

μ

(

1 − e(1−y/h)
√

Da + ey/h
√

Da

1 + e
√

Da

)

. (11)
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Fig. 3. Examples of velocity profiles for different values of Da as a function of ỹ = y/h for (a) Poiseuille flow (eq. (11)) with
U0 = U1 = V = 0, and (b) free-surface flow (eq. (16)) with U0 = V = 0 and U1 such that (du/dy)|y=h = 0 (eq. (15)).

The maximum velocity, occurring at y = h/2, is equal to

um =
ΔPκx

μ

(

1 − 2e
√

Da/2

1 + e
√

Da

)

, (12)

and the volumetric flow rate per unit of channel width is

Q =

∫ h

0

u(y)dy =
ΔPκxh

μ

(

1 − 2√
Da

tanh(
√

Da/2)

)

. (13)

When ǫ = 1 and κx → ∞, the problem describes the Poiseuille flow with parabolic profile [9,17]

u =
ΔPh2

2μ

[

y

h
−

(y

h

)2
]

, (14)

and um = ΔPh2/(8μ) and Q = ΔPh3/(12μ).
As shown in fig. 3(a), because V = 0, the profiles are symmetric with respect to the elevation y = h/2, where the

maximum velocity occurs. For Da larger than about 100, the maximum velocity, um, is only about 1% smaller than
ΔPκx/μ (eq. (12)); therefore, when Da becomes larger than 100 the profiles are mostly flat apart from a small region
near the boundaries where the velocity is forced to go to zero by the boundary conditions.

3.1.2 Free surface flow

When the flow occurs along a direction at an angle θ to the horizontal, then gx = g sin θ. Assuming ΔP = 0,
impermeable boundaries (i.e., V = 0) and U0 = 0, the additional condition (du/dy)|y=h = 0 yields

U1 =
κxρg sin θ

μ

(

1 − 2e
√

Da

e2
√

Da + 1

)

. (15)

Under these specific conditions, eq. (9) describes the free-surface flow of a film of viscous fluid with thickness h through
a porous medium down a plane inclined at an angle θ to the horizontal; this flow is fully driven by gravity along the
direction of flow x. The velocity profile in this case reads

u =
ρκxg sin θ

μ

(

1 − e(2−y/h)
√

Da + ey/h
√

Da

1 + e2
√

Da

)

, (16)
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with flow rate

Q =
ρκxgh sin θ

μ

(

1 − tanh(
√

Da)√
Da

)

. (17)

When ǫ = 1 and κx → ∞, eq. (16) becomes [17]

u =
ρgh2 sin θ

2μ

(

2
y

h
−

(y

h

)2
)

, (18)

with U1 = ρgh2 sin θ/(2μ) and Q = ρgh3 sin θ/(3μ). Equation (18) was used to test a weakly compressible SPH scheme
in [26] for open channel flow.

Figure 3(b) shows some examples of velocity profiles for different values of Da. Again, values of Da larger than
about 100 generate profiles that are mostly flat with u = U1; as Da → 0, the profile becomes quadratic (eq. (18)) as
in open channel flow [26].

3.2 Constant permeability κx and non-linear drag

Using the same geometry shown in fig. 1, an exact solution can be found when the resistance to the flow is non-linear,
i.e. cF > 0 in eq. (4). Assuming that no flow occurs along y (i.e., V = 0), and that u(0) = u(h) = 0, the equation to
be solved for the velocity profile u(y) is

d2u

dy2
− ǫ

κx
u − ǫρcF

μ
√

κx
u2 = − ǫ

μ
(ΔP + ρgx). (19)

This can be re-written as
d2ũ

dỹ2
− Da ũ − DaA ũ2 = −Da, (20)

where ũ = u/Fe = uμ/[κx(ΔP + ρgx)], ỹ = y/h, and A = FeρcF
√

κx/μ. By assuming q = dũ/dỹ, eq. (20) can be
re-written as (see pages 44–47 of [27])

q
dq

dũ
− Da ũ − DaA ũ2 = −Da, (21)

which results into

q =
dũ

dỹ
= ±

√

−6Da ũ + 3Da ũ2 + 2DaA ũ3 + 6DaC1

3

= ±
√

Da√
3

√

−6ũ + 3ũ2 + 2Aũ3 + 6C1. (22)

Because of the boundary conditions, the velocity profile is expected to be symmetrical with respect to y = h/2 (i.e.,
ỹ = 1/2), implying that q > 0 when y < h/2 (i.e., ỹ < 1/2), q < 0 when y > h/2 (i.e., ỹ > 1/2), and q = 0 at y = h/2
(i.e., ỹ = 1/2). Accordingly, u reaches its maximum value, um, at y = h/2 (i.e., ũ = ũm = um/Fe at ỹ = 1/2). This
condition leads to

C1 = ũm − ũ2
m

2
− ũ3

m

3
A. (23)

The profile ũ(ỹ) from the level ỹ = 0 to ỹ < 1/2 can be thus written as

ỹ =

√
3√

Da

∫ ũ(y)

0

dû√
−6dû + 3dû2 + 2Adû3 + 6C1

, (24)

where dû is a dummy variable of integration. Equation (24) also provides a condition to calculate ũm as

1

2
=

√
3√

Da

∫ ũm

0

dû√
−6dû + 3dû2 + 2Adû3 + 6C1

. (25)

For the solution to exist, the quantity under the root square needs to be positive; therefore, the condition

0 < ũm <

√
4A + 1 − 1

2A
(26)

needs to be satisfied.
Figure 4(a) shows examples of the dependence of ũm on Da and ΔP (gx = 0). As Da increases, ũm tends to

the limiting value in eq. (26) and the numerical calculation of the integral in eq. (25) becomes difficult to achieve.
Figure 4(b) shows the velocity profiles when Da = 50 for different values of ΔP .
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Fig. 4. (a) Examples of ũm = um/Fe as a function of Da for different values of ΔP in the case with non-linear drag. (b)
Examples of velocity profiles when Da = 50 for different values of ΔP as a function of y/h. Other parameters are: ǫ = 0.2,
κx = 10−2 m2, μ = 1.14 N sm−2, ρ = 1260 kg m3, cF = 1.2, gx = 0.

3.3 Spatially varying permeability

In this section we relax the requirement for uniform κx. Solutions derived in sect. 3.1 are extended by allowing κx to
vary as a function of y. In particular we consider two cases: one in which the porous medium consists of a series of
stratified horizontal layers of different permeability, and one in which the permeability κx changes linearly with y.

3.3.1 Stratified medium

It is assumed that two parallel layers of media with the same porosity, ǫ, and different permeability along x, κ1 and
κ2, lie one above the other. The two layers are bounded between two plane parallel boundaries, one at the bottom
of the first layer and one at the top of the second layer; the two boundaries can be permeable, such that a velocity
v = V can be imposed perpendicularly to the main flow direction. The layer at the bottom has a thickness h1 and
the top layer has a thickness h2. The flow in each of the two layers is driven by a constant pressure gradient along x,
∂xpi = −ΔPi. The longitudinal velocities of the fluid at the two boundaries, U0 and U2, are known and provide the
boundary conditions of the problem.

Assuming that

ỹ1 =
y

h1
, for 0 ≤ y ≤ h1,

ỹ2 =
y − h1

h2
, for h1 ≤ y ≤ h1 + h2, (27)

the velocity profiles for each layer can be written using eq. (9) as

u1(ỹ1) = Fe1

[

1 +

(

U0

Fe1
− 1

)

eRe1 ỹ1/2 sinh(
√

α1(1 − ỹ1))

sinh(
√

α1)
+

(

U1

Fe1
− 1

)

e−Re1(1−ỹ1)/2 sinh(
√

α1ỹ1)

sinh(
√

α1)

]

,

u2(ỹ2) = Fe2

[

1 +

(

U1

Fe2
− 1

)

eRe2 ỹ2/2 sinh(
√

α2(1 − ỹ2))

sinh(
√

α2)
+

(

U2

Fe2
− 1

)

e−Re2(1−ỹ2)/2 sinh(
√

α2ỹ2)

sinh(
√

α2)

]

,

where Fei = κi(ΔPi +ρgx)/μ, and Re1/Re2 = h1/h2, because V is the same across the two layers; the Darcy numbers
in the two layers are also related through Da1/Da2 = h2

1κ2/(h2
2κ1). The velocity at the interface between the two

layers, U1, is unknown and can be found by imposing the condition that the shear stress at the interface is the same
for the fluid in the two media; this condition means that dyu1(y) = dyu2(y) for y = h1, and in terms of ỹ1 and ỹ2

becomes
1

h1

du1

dỹ1

∣

∣

∣

∣

ỹ1=1

=
1

h2

du2

dỹ2

∣

∣

∣

∣

ỹ2=0

. (28)
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Fig. 5. (a) Velocity profiles in media of different permeability stratified in two layers with h2 = 1.5h1 and ΔP1 = ΔP2;
parameters are U0 = Fe1/2, U2 = 0, Re1 = 10, and Da1 = 150. (b) Velocity profiles in three layers with h2 = 1.5h1, h3 = h1,
and ΔP1 = ΔP2 = ΔP3; parameters are U0 = Fe1/2, U3 = 0, Re1 = 10, and Da1 = 150.

The velocity U1 can be shown to be given by

U1 = Fe1
h2(2

√
α1 coth(

√
α1) − 2

√
α1e

Re1/2 csch(
√

α1) + Re1)

2
√

α2h1 coth(
√

α2) + 2
√

α1h2 coth(
√

α1)

+ Fe2
h1(2

√
α2 coth(

√
α2) − 2

√
α2e

−Re2/2 csch(
√

α2) − Re2)

2
√

α2h1 coth(
√

α2) + 2
√

α1h2 coth(
√

α1)

+
2
√

α2h1e
−Re2/2U2 csch(

√
α2) + 2

√
α1h2e

Re1/2U0 csch(
√

α1)

2
√

α2h1 coth(
√

α2) + 2
√

α1h2 coth(
√

α1)
. (29)

Velocity profiles can then be derived for each layer of porous material, as shown in fig. 5(a).
The same procedure can be used when more than two layers are present. Defining for layer i (i ∈ N and i ≥ 1) the

variable

ỹi =
y − ∑n=i−1

n=1 hn

hi
, for

n=i−1
∑

n=1

hn ≤ y ≤
n=i
∑

n=1

hn, (30)

the velocity profile in each layer can be written as in eq. (9), substituting the velocities at the bottom and top of the
layer, U0 and U1, with Ui−1 and Ui respectively. The values of Re and Da in each layer are related to each other
through the values of layer thickness, hi, and permeability, κxi, according to

Rei

hi
=

ρV

μ
and

κxiDai

h2
i

= ǫ. (31)

Imposing the conditions
1

hi

dui

dỹi

∣

∣

∣

∣

ỹi=1

=
1

hi+1

dui+1

dỹi+1

∣

∣

∣

∣

ỹi+1=0

(32)

at the interface between each layer generates a system of algebraic equations that can be solved to find the velocities
at the interface of different layers. Figure 5(b) shows an example with three layers.

3.3.2 κx changing linearly with y

An analytic solution can be found when V = 0 and κx = κ0(1+γy/h), with γ a constant parameter. To avoid negative
(and unphysical) values of permeability, γ > −1. When γ = 0, the problem is described by eq. (6) with V = 0. The
equation to be solved is

d2u

dy2
− ǫ

κ0(1 + γy/h)
u = − ǫ

μ
(ΔP + ρgx). (33)
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Fig. 6. (a) Velocity profiles when κx = κ0(1 + γy/h) with Da0 = 100 for different values of γ. (b) Position of the maximum
velocity ((y/h)max) as a function of γ for different values of Da0; note that the minimum value of the horizontal axis is γ = −1.
The boundary conditions are U0 = U1 = V = 0.

The solution of eq. (33) can be written as (see appendix B)

ũ = C1η I1(η) + C2η K1(η) +
γ2

4Da0
η2, (34)

where ũ = u/Fe0, with Fe0 = κ0(ΔP +ρgx)/μ, I1(·) and K1(·) are the modified Bessel functions of the first and second

kind respectively [28], Da0 = h2ǫ/κ0, and η = 2
√

Da0(ỹ + 1/γ)/γ. The two constants C1 and C2 can be calculated by
imposing the boundary conditions in eq. (5) with V = 0; the expressions of these constants are reported in appendix B
(see eq. (B.10)).

Examples of velocity profiles for different values of γ, with U0 = U1 = 0, are shown in fig. 6(a). When γ is negative,
the permeability decreases with ỹ such that the maximum velocity, Umax, is closer to the boundary at the bottom; the
profile is symmetric for γ = 0 and it becomes asymmetric again as γ > 0. The position of Umax depends on both γ,
which defines how the permeability changes along y, as well as Da0, which depends on the actual value of permeability
κ0 (fig. 6(b)). As Da0 increases (i.e., κ0 decreases with given ǫ and h), when γ is close to −1, Umax tends to be closer
to the bottom boundary, while, for positive values of γ, Umax tends to move closer to the upper boundary. When γ
becomes zero, the profiles become symmetric and Umax is at h/2. As γ → ∞, the profile becomes parabolic (as in
eq. (14) with ǫ = 1) and Umax again tends to occur at y = h/2.

3.4 Time-periodic flow

An exact solution of the classic form of the Navier-Stokes equations for a parallel flow with permeable boundaries
and a time-periodically changing pressure gradient was derived in [29]. It is assumed that flow is bounded between
stationary parallel boundaries (i.e., U0 = U1 = 0), and, similarly to [29], that the pressure gradient changes as
∂xp = −ΔP1 + ΔP2 cos(ωt) = −ΔP1 + ΔP2ℜ[eiωt], where ℜ[z] indicates the real part of the complex number z.

The problem to be solved thus is

∂u

∂t
+ V

∂u

∂y
=

ǫΔP1

ρ
− ǫΔP2e

iωt

ρ
+

μ

ρ

∂2u

∂y2
+ ǫgx − μǫ

ρκx
u, (35)

with boundary conditions u(0, t) = 0 and u(h, t) = 0. Note that, again, for the continuity equation, v remains constant
and thus equal to V .

A general solution of this problem can be found in the form of

u(y, t) = u1(y) + uf (y, t) = u1(y) + ℜ[u2(y)eiωt], (36)

where u1 is the steady component of u, due to both ΔP1 and gx, while uf (y, t) = ℜ[u2(y)eiωt] is the fluctuating
component of the velocity due to ΔP2ℜ[eiωt]. Accordingly, u1 reads as eq. (9) with U0 = U1 = 0, and u2 satisfies the
equation

d2u2

dy2
− ρV

μ

du2

dy
−

(

iω
ρ

μ
+

ǫ

κx

)

u2 =
ǫΔP2

μ
. (37)
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Fig. 7. Magnitude of the velocity profiles, uf (y, t), for different values of ωt with (a) M = 10 and (b) M = 100. Other
parameters are Da = 100 and Re = 10.

This equation is similar to eq. (2) and can be solved following the steps in appendix A; u2 can thus be found as

u2(y) = −κxΔP2

μ

Da

Da + iM

[

1 − eRe ỹ/2 sinh(
√

α(1 − ỹ))

sinh(
√

α)
− e−Re(1−ỹ)/2 sinh(

√
αỹ)

sinh(
√

α)

]

, (38)

where M = ωρh2/μ is a non-dimensional parameters associated with the frequency of the driving pressure [29] and
α = Re2/4 + Da + iM . The oscillating component of the velocity thus reads uf (y, t) = ℜ[u2(y)eiωt]. When M is
comparable to Re, the profiles of uf show a single peak along ỹ in time (fig. 7(a)); as M increases two peaks appear
along ỹ, with the fluctuating component of the velocity having opposite directions (fig. 7(b)).

4 Conclusion

Exact solutions of the two-dimensional generalized Navier-Stokes equations for flow in porous media have been derived
for different cases of parallel flow.

When the permeability along the direction of the flow is constant, a general steady-state solution have been obtained
accounting for a linearized convection term due to a constant velocity in the direction perpendicular to the main flow.
The solutions presented thus extend the existing solutions derived in [9] and [20]. The flow has been found to depend
on the Reynolds number associated with the velocity V perpendicular to the flow and the Darcy number dependent
on the permeability of the medium. This solution with constant permeability was then used to derive solutions of
stratified media. For parallel flow with constant permeability, an exact solution has been derived also when the drag
force due to the porous matrix includes a quadratic term of velocity. A case with permeability linearly dependent
on the distance from the bottom boundary has been also described and a steady-state solution has been derived in
closed form in terms of Bessel functions. Finally, again for the case with constant permeability, an unsteady solution
was derived when the pressure gradient driving the flow fluctuates periodically in time. This thus extends the solution
by [29] to flows in porous media.

The suite of solutions obtained and presented here can be used as benchmarks for numerical schemes. This appears
particularly important in the context of SPH modelling, which still lacks exact solutions for the validation of numerical
schemes for flow in porous media.

Aside from providing numerical benchmarks, the applicability of the solution presented in practical problems
relies on their stability. As suggested by [30], for small values of porosity and low hydraulic permeability (i.e., large
values of Da), flows in porous media can be modeled using the Darcy’s law, which is expected to be stable to small
perturbations for all Reynold numbers associated with the longitudinal flow [30]. However, as the porosity and the
hydraulic permeability increase (i.e., Da decreases), such as in hyper-porous materials, the description of the flow
becomes closer to that described by the classic form of the Navier-Stokes equations, with the stability of the flow to
small perturbations being dependent on the Reynolds number of the longitudinal flow. Results about the stability of
flow to small perturbations are available for, e.g., plane Poiseuille flow (sect. 3.1.1). In the case of the classic Navier-
Stokes equations (i.e., Da → 0), the plane Poiseuille flow is stable to small perturbations for values of the Reynolds
number (= u(h/2)/ν) lower than the critical value 5772 [30, 31]. As discussed in [30] and [32], the critical values of
these Reynolds number increase as Da increases. Readers are directed to [33] for a more general discussion of flow
stability in porous media.
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Appendix A. Derivation of eq. (9)

By introducing the variables

u = ũ
κx

μ
(ΔP + ρgx) = ũFe, y = ỹh, (A.1)

eq. (2) can be written in non-dimensional terms as

d2ũ

dỹ2
− Re

dũ

dỹ
− Da ũ = −Da, (A.2)

with Re = ρV h/μ and Da = ǫh2/κx. Using the change of variables ũ = w(y) exp[Re ỹ/2], eq. (A.2) can be modified
into

d2w

dy2
−

(

Re2/4 + Da
)

w = −Dae−Re ỹ/2, (A.3)

the solution of which reads (see eq. (2.1.9.1) of [34])

w = C1 cosh(
√

αỹ) + C2 sinh(
√

αỹ) + e−Re ỹ/2, (A.4)

where α = Re2/4 + Da. The variable u can then be written as in eq. (9) by imposing the boundary conditions in
eq. (5).

Appendix B. Derivation of eq. (34)

By introducing the variables

u = ũ
κ0

μ
(ΔP + ρgx) = ũFe0, y = ỹh, (B.1)

eq. (33) can be transformed into

d2ũ

dỹ2
− Da

1 + γỹ
ũ = −Da. (B.2)

The solution of eq. (B.2) can be formally written as (see sect. 0.2.1-6 of [34])

ũ = C1uh1 + C2uh2 − Dauh2

∫

uh1

W (ỹ)
dỹ + Dauh1

∫

uh2

W (ỹ)
dỹ, (B.3)

where W (ỹ) = uh1(duh2/dỹ)−uh2(duh1/dỹ), and uh1 and uh2 are independent solutions of the homogeneous equation
associated with eq. (B.2); this homogeneous equation can be re-written as

d2uh

dξ2
− Da

γξ
uh = 0, (B.4)

with ξ = ỹ + 1/γ. Solutions of the homogeneous equation can be found as (see eq. (2.1.2.7) of [34])

uh(η) = C1uh1 + C2uh2

= C1ηI1(η) + C2ηK1(η), (B.5)



Page 12 of 13 Eur. Phys. J. Plus (2018) 133: 173

where η = 2
√

Daξ/γ, and I1(·) and K1(·) are the modified Bessel functions of the first and second kind, respec-
tively [28]. The function W can be expressed as

W (ỹ) = uh1
duh2

dỹ
− uh2

duh1

dỹ
(B.6)

= uh1(η)
duh2

dη

dη

dξ

dξ

dỹ
− uh2(η)

duh1

dη

dη

dξ

dξ

dỹ

=
dη

dξ

dξ

dỹ
[ηI1(η)(ηK1(η))′ − ηK1(η)(ηI1(η))′]

= −η2

2

dη

dξ

dξ

dỹ
[I1(η)K0(η) + I0(η)K1(η)] − η2

2

dη

dξ

dξ

dỹ
[I2(η)K1(η) + I1(η)K2(η)] (B.7)

= −η2

2

dη

dξ

dξ

dỹ

2

η
(B.8)

= −η
dη

dξ
,

where the step (B.7) is obtained using 9.2.26 in [28], the step (B.8) is obtained using 9.6.15 in [28], and the final result
derives from dξ = dỹ.

Noticing that

dỹ = dξ =
γ

2Da
ηdη, (B.9)

the first integral term in eq. (B.3) can be written as

−Dauh2

∫

uh1

W (ỹ)
dỹ = +Dauh2

∫

η I1(η)

η

dξ

dη
dỹ

= Dauh2

∫

I1(η)

(

dξ

dη

)2

dη

= Dauh2

∫

I1(η)
( γ

2Da
η
)2

dη

=
γ2

4Da
uh2

∫

η2I1(η)dη

=
γ2

4Da
uh2η

2I2(η) =
γ2

4Da
η3K1(η)I2(η),

where the last integration is obtained from 11.3 of [28]. Following similar steps, the second integration of eq. (B.3) is

Dauh1

∫

uh2

W (ỹ)
dỹ = −Dauh1

∫

K1(η)
( γ

2Da
η
)2

dη

= − γ2

4Da
uh1

∫

η2K1(η)dη

= +
γ2

4Da
uh1η

2K2(η) =
γ2

4Da
η3I1(η)K2(η).

The sum of the two integrals results to be

−Dauh2

∫

uh1

W (ỹ)
dỹ + Dauh1

∫

uh2

W (ỹ)
dỹ =

γ2

4Da
η3[I1(η)K2(η) + K1(η)I2(η)] =

γ2

4Da
η2,

where the last equality is again obtained using 9.6.15 of [28]. The solution of eq. (B.2) can then be written as eq. (34).
The two constants C1 and C2 in eq. (34) can be obtained by imposing the conditions

ũ = U0, for ỹ = 0, η = η0 = 2
√

Da/γ,

ũ = U1, for ỹ = 1, η = η1 = 2
√

Da(γ + 1)/γ,
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which lead to

C1 =
(γ + 1 − U1)η0K1(η0) − (1 − U0)η1K1(η1)

η0η1[I1(η0)K1(η1) − I1(η1)K1(η0)]
,

C2 =
−(γ + 1 − U1)η0I1(η0) + (1 − U0)η1I1(η1)

η0η1[I1(η0)K1(η1) − I1(η1)K1(η0)]
. (B.10)

In the case U0 = U1 = 0, the two constants of integration are

C1 =
(γ + 1)η0K1(η0) − η1K1(η1)

η0η1[I1(η0)K1(η1) − I1(η1)K1(η0)]

C2 =
−(γ + 1)η0I1(η0) + η1I1(η1)

η0η1[I1(η0)K1(η1) − I1(η1)K1(η0)]
. (B.11)
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